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Geometrically simple quasi-abelian
varieties
Yukitaka Abe
Abstract
We define the geometric simpleness for toroidal groups. We give an example of
quasi-abelian variety which is geometrically simple, but not simple. We show
that any quasi-abelian variety is isogenous to a product of geometrically sim-
ple quasi-abelian varieties. We also show that the Q-extension of the ring of
all endomorphisms of a geometrically simple quasi-abelian variety is a division
algebra over Q.
1 2 3
1 Introduction
Let EndQ(X) be the Q-extension of the ring of all endomorphisms of a toroidal
group X . To study EndQ(X), we defined the simpleness of toroidal groups as
follows (Definition 2.1 in [1]):
A toroidal group is simple if it does not contain a toroidal subgroup apart from
itself and zero.
We note that toroidal subgroups are not always closed in general. It immediately
follows from this definition that if X is a simple toroidal group, then EndQ(X)
is a division algebra over Q (Lemma 3.3 in [1]).
Any abelian variety A is isogenous to a product of simple abelian varieties.
Unfortunately, it does not hold that any quasi-abelian variety is isogenous to
a product of simple quasi-abelian varieties. We think that the above definition
of simpleness is too strong. We define the geometric simpleness for toroidal
groups (Definition 1). We show that EndQ(X) is a division algebra over Q if X
is a geometrically simple quasi-abelian varietyany, and that any quasi-abelian
variety is isogenous to a product of geometrically simple quasi-abelian varieties.
2 Geometric simpleness
We consider a toroidal group X = Cn/Γ with rank Γ = n+m. Let π : Cn −→
X be the projection. If Y is a connected complex Lie subgroup of X , then
π−1(Y ) = E + Γ, where E is a complex linear subspace of Cn. In this case, Y
is closed if and only if E + Γ is closed in Cn.
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Definition 1. A toroidal group is said to be geometrically simple if it does not
contain a closed toroidal subgroup apart from itself and zero.
Lemma 2. Let A = C2/Λ be a 2-dimensional complex torus with the following
period matrix
P =
(
1 0
√−1r3 r
0 1 r
√−1
)
,
where r is a positive number such that 1, r, r2, r3 are linearly independent over
Q. Then A is a simple abelian variety.
Proof. It is obvious that A is an abelian variety. We show that it is simple.
Any λ ∈ Λ has the unique representation
λ =
(
a1 +
√−1a3r3 + a4r
a2 + a3r +
√−1a4
)
, a1, a2, a3, a4 ∈ Z. (2.1)
Let L be a complex line with L ∩ Λ 6= {0}. Take λ(0) ∈ L ∩ Λ such that
‖λ(0)‖ = min{‖λ‖;λ ∈ L ∩ Λ, λ 6= 0}.
It is written as
λ(0) =
(
a
(0)
1 +
√−1a(0)3 r3 + a(0)4 r
a
(0)
2 + a
(0)
3 r +
√−1a(0)4
)
, a
(0)
1 , a
(0)
2 , a
(0)
3 , a
(0)
4 ∈ Z.
We note that (a
(0)
1 , a
(0)
2 , a
(0)
3 , a
(0)
4 ) = 1 and L = Cλ
(0). Let λ ∈ L∩Λ with λ 6= 0.
Then there exists ζ ∈ C∗ such that λ = ζλ(0). If we represent λ as (2.1), then
we have {
a1 +
√−1a3r3 + a4r = ζ(a(0)1 +
√−1a(0)3 r3 + a(0)4 r),
a2 + a3r +
√−1a4 = ζ(a(0)2 + a(0)3 r +
√−1a(0)4 ).
Therefore we obtain
(a1 +
√−1a3r3 + a4r)(a(0)2 + a(0)3 r +
√−1a(0)4 )
= (a
(0)
1 +
√−1a(0)3 r3 + a(0)4 r)(a2 + a3r +
√−1a4).
(2.2)
Since 1, r, r2, r3 are linearly independent over Q, it follows from (2.2) that

a1a
(0)
2 = a
(0)
1 a2,
a1a
(0)
3 + a4a
(0)
2 = a
(0)
1 a3 + a
(0)
4 a2,
a4a
(0)
3 = a
(0)
4 a3,
a1a
(0)
4 = a
(0)
1 a4,
a3a
(0)
2 = a
(0)
3 a2.
(2.3)
We first consider the case a
(0)
3 a
(0)
4 6= 0. By the third equality of (2.3), if
a4 = 0, then a3 = 0. In this case we have a2 = 0 by the fifth equality of (2.3).
Furthermore, a1 = 0 by the second equality of (2.3). Then λ = 0, which is a
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contradiction. Hence we have a4 6= 0. Multiplying the third equality of (2.3) by
a1 and using the fourth equality of (2.3), we obtain
a1a4a
(0)
3 = a1a
(0)
4 a3 = a
(0)
1 a4a3.
Since a4 6= 0, we have a1a(0)3 = a(0)1 a3. From the second equality of (2.3) it
follows that a4a
(0)
2 = a
(0)
4 a2. Then we obtain the following equalities

a1a
(0)
2 = a
(0)
1 a2,
a1a
(0)
3 = a
(0)
1 a3,
a1a
(0)
4 = a
(0)
1 a4,
a2a
(0)
3 = a
(0)
2 a3,
a2a
(0)
4 = a
(0)
2 a4,
a3a
(0)
4 = a
(0)
3 a4.
(2.4)
Let p be a prime factor of a
(0)
1 . Since (a
(0)
1 , a
(0)
2 , a
(0)
3 , a
(0)
4 ) = 1, there exists i
such that p does not divide a
(0)
i . Now we consider integral solutions (a1, ai)
of a1a
(0)
i = a
(0)
1 ai. Let d1i := (a
(0)
1 , a
(0)
i ). Then we have a
(0)
1 = b
(0)
1 d1i and
a
(0)
i = b
(0)
i d1i, where (b
(0)
1 , b
(0)
i ) = 1. The integral solutions of the above equation
are written as
a1 = b
(0)
1 k1i, ai = b
(0)
i k1i (k1i ∈ Z).
Since p ∤ a
(0)
i , we have p ∤ d1i. Then p|b(0)1 . Therefore p|a1. Hence we have
a1 = a
(0)
1 k1, k1 ∈ Z, for p is an arbitrary prime factor of a(0)1 . Similarly, we
obtain
a2 = a
(0)
2 k2, a3 = a
(0)
3 k3, a4 = a
(0)
4 k4,
where k2, k3, k4 ∈ Z. By (2.4) we obtain k1 = k2 = k3 = k4. Thus we have
L ∩ Λ = Zλ(0).
We next consider the case that a
(0)
3 6= 0 and a(0)4 = 0. From the third
equality of (2.3) it follows that a4 = 0. In this case the equalities (2.3) become

a1a
(0)
2 = a
(0)
1 a2,
a1a
(0)
3 = a
(0)
1 a3,
a2a
(0)
3 = a
(0)
2 a3.
Therefore, we obtain the same conclusion L ∩ Λ = Zλ(0).
We also obtain L∩Λ = Zλ(0) in other cases by the same argument. Then A
does not contain a 1-dimensional complex torus.
Example. Let
P =

0 1 0
√−1r31 r1
0 0 1 r1
√−1
1 0 0 0 r2

 ,
where r1 is a positive number such that 1, r1, r
2
1 , r
3
1 are linearly independent over
Q, and r2 ∈ R \ Q. We denote by Γ a discrete subgroup of C3 generated by
3
column vectors of P . Then X = C3/Γ is a toroidal group, for r2 ∈ R \Q. It is
obvious that X is a quasi-abelian variety of kind 0.
Let A = C2/Λ0 be an abelian variety with the following period matrix(
1 0
√−1r31 r1
0 1 r1
√−1
)
.
We can represent X as a principal C∗-bundle ρ : X −→ A over A. We denote
by R5Γ the real linear subspace spanned by Γ. Then C
2
Γ := R
5
Γ ∩
√−1R5Γ is the
maximal complex linear subspace contained in R5Γ. Let (z1, z2, z3) be toroidal
coordinates of C3. The principal C∗-bundle ρ : X −→ A is given by a projection
µ : C3 −→ C2Γ, (z1, z2, z3) 7−→ (z1, z2). Assume that X contains a 1-dimensional
toroidal subgroup Y0. Since a 1-dimensional toroidal group is a complex torus,
Y0 is a complex torus. Then Y0 is contained in the maximal compact subgroup
R5Γ/Γ. Therefore, the connected component of π
−1(Y0) containing 0 is in C
2
Γ,
where π : C3 −→ X is the projection. Hence, ρ(Y0) = ρ(π(π−1(Y0))) is a
1-dimensional subtorus of A. However, A is simple by Lemma 2. This is a
contradiction. Therefore,X does not contain a 1-dimensional toroidal subgroup.
Next we consider 2-dimensional toroidal subgroups. We assume that there
exist a toroidal group C2/Λ and a holomorphic immersion ϕ : C2/Λ −→ X
which is a homomorphism. Let Φ : C2 −→ C3 be the linear extension of
ϕ. We write C3 = C2Γ ⊕ V ⊕
√−1V and R5Γ = C2Γ ⊕ V as usually, where
V is a real linear subspace. We set W := Φ(C2) ∩ C2Γ. When dimCW = 1,
Φ(C2) = W ⊕ V ⊕ √−1V . We have Φ(Λ) ⊂ Φ(C2) ∩ Γ = (W ⊕ V ) ∩ Γ. Let
Γ0 := Ze3, where e3 =
t(0, 0, 1). Then there exists a discrete subgroup Γ1 such
that Φ(C2) ∩ Γ = Γ0 ⊕ Γ1. If Γ1 6= {0}, then there exists γ(0) ∈ Γ1 such that
‖γ(0)‖ = min{‖γ‖; γ ∈ Γ1, γ 6= 0}.
We note Φ(C2) = Ce3 ⊕ Cγ(0). Using the same argument as in the proof of
Lemma 2 for L = Cγ(0) and Γ1, we see rank(Φ(C
2) ∩ Γ) = 2. Then ϕ(C2/Λ) =
Φ(C2)/(Φ(C2) ∩ Γ) is not a toroidal group.
If dimCW = 2, then Φ(C
2) = C2Γ. In this case, C
2
Γ ∩ Γ has a period matrix
P ′ =
(
1 0
√−1r31
0 1 r1
)
.
Since r1 /∈ Q, Y := ϕ(C2/Λ) = C2Γ/(C2Γ ∩ Γ) is a toroidal subgroup of X . We
have π−1(Y ) = C2Γ+Γ. By the density condition of toroidal groups, the closure
C2Γ + Γ of C
2
Γ + Γ is equal to R
5
Γ. Therefore, X is the smallest closed toroidal
subgroup which contains Y . Hence, X is geometrically simple, but contains a
2-dimensional toroidal subgroup Y .
3 Decomposition
The following theorem is a generalization of Proposition 4.8 in [2].
Theorem 3. Let X be an n-dimensional quasi-abelian variety. If X contains
a closed quasi-abelian subvariety X1, then there exists a closed quasi-abelian
subvariety X2 of X such that the natural homomorphism ϕ : X1 ×X2 −→ X is
an isogeny.
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Proof. We may write X = V/Γ, where V is an n-dimensional complex linear
space and Γ is a discrete subgroup of V . Let rank Γ = n+m. We have a real
linear subspace W of dimension n−m such that
Rn+mΓ = C
m
Γ ⊕W and V = CmΓ ⊕W ⊕
√−1W.
There exists a complex linear subspace V1 of V such that X1 = V1/Γ1, where
Γ1 := V1 ∩ Γ. Let dimC V1 = n1 and rank Γ1 = n1 +m1. We can take a real
linear subspace W1 of dimension n1 −m1 such that
Rn1+m1Γ1 = C
m1
Γ1
⊕W1 and V1 = Cm1Γ1 ⊕W1 ⊕
√−1W1.
We note that Cm1Γ1 is a complex linear subspace of C
m
Γ and C
m1
Γ1
⊕W1 ⊂ Rn+mΓ .
We set k1 := n1 + m1. We take generators γ1, . . . , γn+m of Γ such that
γ1, . . . , γk1 are generators of Γ1. Since X is a quasi-abelian variety, there exists
an ample Riemann form H for X . We denote by A the imaginary part of H.
We set
A1 :=


A(γ1, γ1) · · · A(γ1, γk1) A(γ1, γk1+1) · · · A(γ1, γn+m)
...
...
...
...
A(γk1 , γ1) · · · A(γk1 , γk1) A(γk1 , γk1+1) · · · A(γk1 , γn+m)

 .
Then A1 is a (k1, n+m)-matrix with integral entries. Let r1 := rank A1. SinceH
is positive definite on Cm1Γ1 and A is an alternating form, we have r1 = 2(m1+k)
with 0 ≦ 2k ≦ n1−m1. We consider an equation A1x = 0 (x ∈ Rn+m). Let S1
be the space of solutions of this equation. Then we have dimR S1 = n+m− r1.
Since r1 ≦ k1, we can take x
(1), . . . ,x(n+m−k1) ∈ S1 ∩ Zn+m which are linearly
independent over R such that det
(
x
(j)
k1+i
)
i,j=1,...,n+m−k1
6= 0, where x(j) =
t(x
(j)
1 , . . . , x
(j)
k1
, x
(j)
k1+1
, . . . , x
(j)
n+m). We set
λ(j) :=
n+m∑
i=1
x
(j)
i γi ∈ Γ \ Γ1
for j = 1, . . . , n +m − k1. Then λ(1), . . . , λ(n+m−k1) are linearly independent
over R. We define a subgroup Λ of Γ with rank Λ = n+m− k1 by
Λ :=
n+m−k1⊕
j=1
Zλ(j).
Let ℓ := n+m− k1. Since γ1, . . . , γk1 , λ(1), . . . , λ(n+m−k1) are linearly indepen-
dent over R, we have RℓΛ ∩ Rk1Γ1 = {0}. Then we obtain Rn+mΓ = RℓΛ ⊕ Rk1Γ1 .
Therefore we have
RℓΛ + Γ = R
ℓ
Λ ⊕ Γ1 = RℓΛ ⊕ Γ1 = RℓΛ + Γ.
There exists a complex linear subspace E such that CmΓ = C
m1
Γ1
⊕ E. Then we
have
W1 = (W1 ∩ E)⊕ (W1 ∩W ).
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Furthermore, there exist a real linear subspace F and a complex linear subspace
E0 such that W = (W1 ∩W )⊕ F and
E = E0 ⊕ (W1 ∩ E)⊕
√−1(W1 ∩ E).
We have Rk1Γ1 = C
m1
Γ1
⊕W1 and
Rn+mΓ = C
m1
Γ1
⊕ E0 ⊕ (W1 ∩ E)⊕
√−1(W1 ∩ E)⊕ (W1 ∩W )⊕ F.
On the other hand, we have
Rn+mΓ = R
ℓ
Λ ⊕ Rk1Γ1
= RℓΛ ⊕ Cm1Γ1 ⊕ (W1 ∩E)⊕ (W1 ∩W ).
Then we obtain
RℓΛ = E0 ⊕
√−1(W1 ∩ E)⊕ F.
If we define
V2 := E0 ⊕ (W1 ∩ E)⊕
√−1(W1 ∩E)⊕ F ⊕
√−1F,
then V2 is a complex linear subspace of V . We note that Λ is a discrete subgroup
of V2 with Λ ⊂ Γ. We set Γ2 := V2∩Γ and X2 := V2/Γ2. Since Λ ⊂ Γ2, we have
ℓ = rank Λ ≦ rank Γ2. From Γ1 + Λ ⊂ Γ1 + Γ2 ⊂ Γ and rank(Γ1 + Λ) = n+m
it follows that
rank(Γ1 + Λ) = rank(Γ1 + Γ2) = rank Γ = n+m.
Then we obtain rank Γ2 = rank Λ = ℓ and R
ℓ
Λ = R
ℓ
Γ2
. Therefore we have
RℓΓ2 + Γ = R
ℓ
Λ + Γ = R
ℓ
Λ + Γ = R
ℓ
Γ2 + Γ.
This means that X2 is a closed complex Lie subgroup of X . Since V1⊕V2 = V ,
the natural homomorphism ϕ : X1 × X2 −→ X is surjective. Then the linear
extension Φ : V1 ⊕ V2 −→ V of ϕ is bijective. Therefore ϕ is an isogeny, for
Γ/(Γ1 + Γ2) is a finite group. Hence X2 is a closed quasi-abelian subvariety of
X .
The following corollary is immediate from Theorem 3.
Corollary 4. Let X be a quasi-abelian variety. Then, there exist a finite number
of geometrically simple quasi-abelian subvarieties X1, . . . , Xk of X such that X
and X1 × · · · ×Xk are isogenous.
Remark. Let A be an abelian variety. Then A is isogenous to a product A1 ×
· · ·×AN of simple abelian varieties A1, . . . ,AN . Furthermore, this decomposition
A1 × · · · × AN is unique up to isogeny. A proof of the uniqueness is based on
the following fact.
Let A and A′ be simple abelian varieties. If A and A′ are not isogenous, then
Hom(A,A′) = {0}.
Unfortunately, it does not hold in the case of quasi-abelian varieties. The ex-
ample in Section 2 gives a counterexample. Let X1 and X2 be the 2-dimensional
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toroidal subgroup Y and the 3-dimensional quasi-abelian variety X in the ex-
ample in Section 2 respectively. Since Y is non-compact, it is a simple quasi-
abelian variety, hence geometrically simple. We have a non-zero homomorphism
ϕ : X1 −→ X2 as shown in Section 2. Then Hom(X1, X2) 6= {0}.
Therefore, we cannot apply the above proof of the uniqueness for abelian
varieties to quasi-abelian varieties. We do not know whether the uniqueness
holds in the case of quasi-abelian varieties.
4 Endomorphisms
We extend Lemma 3.3 in [1] to geometrically simple toroidal groups in this
section.
Proposition 5. If X = Cn/Γ is a geometrically simple toroidal group, then
EndQ(X) is a division algebra over Q.
Proof. Take any ϕ ∈ End(X) with ϕ 6= 0. Let Φ : Cn −→ Cn be the linear
extension of ϕ. It suffices to show that Φ is injective. We denote by K the
kernel of Φ. Assume K 6= {0}. Since Φ(Γ) ⊂ Γ, Φ|
R
n+m
Γ
: Rn+mΓ −→ Rn+mΓ is
a real linear mapping, where rank Γ = n +m. We set W := Φ(Cn). Then we
have
Rn+mΓ = (K ∩ Rn+mΓ )⊕ (W ∩ Rn+mΓ ).
It is easy to see that rank(K ∩ Γ + Φ(Γ)) = rank Γ and (K ∩ Γ) ∩ Φ(Γ) = {0}.
Then Γ/(K∩Γ+Φ(Γ)) is a finite group. Therefore, the natural homomorphism
µ : K/(K ∩ Γ) ⊕W/Φ(Γ) −→ X is an isogeny. Hence we obtain an isogeny
ν : X −→ K/(K ∩ Γ) ⊕W/Φ(Γ). Both K/(K ∩ Γ) and W/Φ(Γ) are toroidal
groups. Then ν−1(K/(K∩Γ)) is a closed toroidal subgroup of X . It contradicts
the assumption. Hence K = {0}. This completes the proof.
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